force, good durability, low energy consumption and strong reliability, which can be treated as a passive control devices even the control system failures. MR damper as a semi-active control device combines the reliability of passive control systems and the strong adaptability of active control system. It can achieve the similar control performance of the active control system by means of a certain control law. It has a good prospect of engineering application as semi-active damping device. Therefore, it has received more and more attention in recent years [3] [4] [5] [6] .
The performance of a semi-active control system is dependent on the choice of control strategy [7] , such as skyhook control [8] [9] [10] , groundhook control [11] , neuro-fuzzy control [12] , LQG control [13] , adaptive control and nonlinear control [14] and H ∞ control [15] [16] [17] . The parameter uncertainties, caused by the structural vibration and load changes, affect the stability of the control system when modelling the seat suspension system. Therefore, the seat suspension control system requires a certain degree of robustness to deal with the uncertainty of the model and external incentives. However, previous studies often neglected the effect of the uncertainty on the control performance in the modelling process, whereas the H ∞ control can takes account of the effect of uncertainty and guarantee the robust stability of the system [18] . On the other hand, the damping force will increase with increasement of excitation. However, the damping force will not increase longer when the excitation current reaches a certain degree because of the internal structure of the damper, and the actuator saturation appears. Robust H ∞ control can effectively deal with the problem of the actuator saturation when exerting the control force over the seat suspension [18] [19] . So, an appropriate robust H ∞ controller for the semi-active seat suspension system is designed to provide a trade-off of the two main performance requirements (ride comfort and suspension deflection).
In this research, the dynamical model of a seat suspension system with parameter uncertainties and actuator saturation is established. Then, combined with the damping force characteristics of MR damper, a state feedback controller is designed which guarantees H ∞ performance index and the constraints of the actuator saturation and the suspension deflection. Finally, some necessary comparisons between the H ∞ control strategy and the passive and skyhook control strategy are given, and the simulations are used to validate the effectiveness of the proposed control strategy.
Dynamic model of the seat suspension with MR damper

The characteristic of MR damper
The MR damper is illustrated schematically in Figure 1 and the Bingham model is adopted in this study for the MR damper (shown in Figure 2 ). The expression of the damping force is shown as follow: RD 8040-1 MR damper from Lord Corporation is used in this study. By applying sinusoidal excitation with a fixed frequency of 1Hz and constant amplitude of 15mm, the response of force is changed with different input current from 0 to 2A with increments of 0.5A. Thus, the force versus displacement loops and the force versus velocity loops under various electric currents were obtained as shown in Figure 3 and Figure 4 . It can be seen that the damper force will remarkably increase with the increasement of the input current. By expression 1, we can put viscous damping force into the system damping matrix. So, the MR damper can be seen as a simple controlled friction damper.
The dynamical model of a seat suspension system with MR damper
A physical model of the semi-active seat suspension system with a passive spring and a controllable MR damper is shown in Figure 5 , whose dynamical model is abstracted in Figure 6 .
Make e s c c
The dynamic equations of motion of the seat suspension system are given by: 
taking the parameter uncertainties and actor saturation into account, the seat suspension model can be expressed as: And the actuator saturation nonlinearity is described by:
where max u is the maximum controlled damping force.
Ride comfort is closely related to the vertical acceleration of the body. Denote body acceleration as control output:
Meanwhile, in order to ensure the ride comfort and prevent the seat mechanical structure from damaging, the controller should be able to inhibit suspension disturbance from exceeding the limits of its vibration. In order to satisfy the performance constraint, denote the 2 max
where max z is the maximum limit of suspension deflection.
Therefore, the seat suspension control system can be described by equation 4 and the following equations:
where
are known constant real matrices of appropriate dimensions for describing the system model.
According to the performance requirements, the design goal can be summed up as follows: 
where γ is a prescribed scalar.
(2) Taking the actuator saturation into account, equation 5 should be satisfied.
Taking the safety of mechanical structure into account, equation 7 should be satisfied. 
Robust H ∞ controller design for the seat suspension system with MR damper
In order to get the controller parameters, the following lemmas are necessary.
Lemma 1 [20] . Given appropriately dimensioned matrices D , ( )
where ε is any scalar.
Lemma 2 [20] . For any matrices (or vectors) U and V with appropriate dimensions, we have
whereα is any scalar.
Lemma 3 [21] . For given symmetric matrix 11 12 21 22
, the following three conditions are equivalent to each other, where 11 S has the dimension of r r × .
(i) 0; S <   1  11  22  12  11 12 (ii) 0, 0;
In order to achieve the effect of the semi-active control, assume the MR damper as an active control device firstly, and the ideal force is derived from the active control algorithm, obtained control force is constrained by the semi-active control law, and then the force of MR damper is approximate to the ideal force to perform the semi-active control.
In this study, it is assumed that all the state variables can be measured, and we are interested in designing a state feedback controller:
where K is the state feedback gain matrix to be designed, such that the H ∞ norm of the closed-loop system is minimized, while satisfying the constraints in (5) and (7) (12), (13), (14) , such that the closed-loop system (4) is asymptotically stable for the state feedback controller (11) 
Proof: Define a Lyapunov function for system as
where P is a positive definite matrix.
By differentiating (15), we obtain 
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By using Lemma 1, we obtain 
V x t t x t x t B w t Px t x t P B w t
≤ Γ + + & (17) where () ( ) ( ) ( ) ( ) 1( ( ), ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )
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where,
By using lemma 3, if 0 Π < , we obtain ( ) 
T T t t t T T T t T T t t T T T t u t Kx t x t K Kx t x t P K KP x t P K KP z t x t C C x t x t P C C P x t P C C P
where ( ) max λ ⋅ represents the maximum eigenvalue.
Then, the constraints in (5) and (7) hold if
By using lemma 3, inequalities (25) and (26) are equivalent to Since expressions like (20) cannot be handled directly by LMI optimization. In order to solve the nonlinear problem, pre-and post-multiply by (12), (13) and (14) are derived.
Remark 1.
It is noticed that inequality (12), (13) and (14) are LMIs to 2 γ . In order to obtain the lower limit of H ∞ performance index, we can minimize the variable γ . Therefore, the controller design problem can be changed to a problem of finding a solution to: 
t u t z z u t u t f u t u t z z u t u t u t z z
The actual damping force can be obtained by applying the corresponding current to the MR damper.
Simulations
In order to validate the effectiveness of the control method proposed in the above section, simulations are conducted in this section. The parameters that describe seat suspension system with MR damper are listed in table 1 for reference. And the maximum suspension deflection is defined as max 0.1 z m = [19] , the maximum control force is assumed as max 3000 u N = . The norm-bounded parameter uncertainties are expressed as:
According to the To show the advance of the proposed method, some necessary comparisons with the passive and skyhook control strategy are given.
(1) Passive control There is no controllable control force for passive control system, it can only play certain a vibration reduction on the system, relying on elastic elements of the fixed stiffness and damping components of the fixed damping force.That is 0 u = 
where sky C is the skyhook damping coefficient. It can be determined according to the suspension system parameter optimization [22] , and here 1000 / sky C N m s = . To validate the seat suspension performance in the time domain, two typical types of road disturbance, i.e., bump road disturbance and random road disturbance, will be considered in the simulation.
Simulation of bump road disturbance input
Road disturbances can be generally assumed as shocks. Shocks are discrete events of relatively short duration and high intensity, such as a convex bag or pothole on a smooth road surface. It is assumed that the bump road disturbance input has the following form: (the step input in time domain is shown in Figure 8 Tables 2 and Table 3 are the comparison results of the body acceleration and the suspension deflection under the step input. As can be seen from the tables, the acceleration under the H ∞ control attenuates faster than the other two control methods (passive and skyhook control) and the settling time is reduced more quickly. The max peak-to-peak value of the body vertical acceleration under the skyhook control and the H ∞ control reduces by 9.74% and 17.97%, respectively. The time domain responses of body vertical acceleration under the step input is shown in Figure 9 . The time domain responses of seat suspension deflection under the step input is shown in Figure 10 . 
Simulation of the random road input
Random disturbance of the road is a continuous vibration, it refers to the continuous excitation along the road length direction, such as asphalt pavement and washboard road. For the continuous and random road surface, it is generally described by spatial frequency power spectral density function and the corresponding time domain representation:
where n is the spatial frequency and o n is the reference spatial frequency of 0. In order to facilitate the analysis, the spatial frequency functions need to be translated into time frequency function, set the vehicle forward velocity as v , then we have：
where, f is the time frequency, and its unit is Hz .
Therefore, the ground displacement power spectral density (PSD) is 
which is only related with the vehicle forward velocity. When the vehicle forward velocity is fixed, the ground displacement can be viewed as a white-noise signal. Select the road roughness as 6 Table 4 is the comparison results of RMS value of the body acceleration and the suspension deflection under the random road input. As can be seen from the Table 4 , the RMS value of body vertical acceleration under the skyhook control and the H ∞ control reduces by 10.13% and 39.25%, respectively. It shows that the H ∞ control outperforms the passive control and the skyhook control and realizes a better ride comfort.
Remark 2.
Reducing the body acceleration and reducing the suspension deflection are a pair of contradiction, so that the improvement of ride comfort is at the expense of sacrificing the operational stability. Therefore, the suspension deflection has an increase for the H ∞ control. However, the time domain constraint is still guaranteed for the seat suspension system. The time domain responses of body vertical acceleration under the random road input is shown in Figure 12 . The time domain responses of the seat suspension deflection under the random road input is shown in Figure 13 . The frequency domain responses of body vertical acceleration under the random road input is shown in Figure 14 . There are two distinct peaks, the first one is the corresponding resonance frequency for the body (6Hz), and the second one is the corresponding resonance frequency for the seat (12Hz). It can be seen that, compared with the passive control and the skyhook control, the H ∞ control greatly reduces the second-order resonance peak of the seat suspension system. The power spectral density of body acceleration under the the random road input is shown in Figure 15 . It is observed from Figure 15 that the system for H ∞ control has lower PSD of body acceleration and smaller PSD of body acceleration value results in better ride comfort. body acceleration with the random input.
Conclusions
This study presents the robust H ∞ control method for the semi-active seat suspension system with MR damper with parameter uncertainties and actuator saturation. The solution of the state feedback controller is given in terms of LMIs, which guarantees H ∞ performance index and the constraints. The simulation results in time and frequency domain demonstrate that it is closer to the actual system by considering the model parameter uncertainties and actuator saturation. And the proposed approach can achieve better vertical vibration attenuation and improve ride comfort for seat suspension.
